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In this paper we shall investigate the propagation of gravitational waves in a flat Friedman-
Robertson-Walker background, in the context of a string motivated corrected Einstein gravity.
Particularly, we shall consider a misalignment axion Einstein gravity in the presence of a string
originating Chern-Simons coupling of the axion field to the Chern-Pontryagin density in four di-
mensions. We shall focus our study on the propagation of the gravitational waves, and we shall
investigate whether there exists any difference in the propagation of the polarization states of the
gravitational waves. As we demonstrate, the dispersion relations are different in the Right-handed
mode and the Left-handed mode. Finally, we compare the propagation of the axion Chern-Simons
Einstein theory with that of standard F (R) gravity.
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k, 98.80.Cq,11.25.-w
I. INTRODUCTION
String theory is one solid theoretical framework that may describe in a consistent way the ultraviolet completion of
classical gravity and of the Standard Model of particle physics. In some cases, several low-energy string theory effects
may have their impact in the classical gravitational phenomena. One such example is offered by axion like particles
[1–11], and specifically from the misalignment axions [1]. For these axions, there exist a primordial U(1) symmetry
which is unbroken quite earlier from the inflationary era, but it is broken during the inflationary era. The cosmological
implications of the axions have quite appealing features, and in view of the growing research stream related with axion
experiments and observations, [12–22], see also [23], axion physics has become quite timely. Actually, the axion may be
one of the last realistic Weakly Interacting Massive Particles (WIMP) [24], since a longstanding number of experiments
focusing on large WIMP masses, ended up with no result. Thus, unless supersymmetry is discovered in the Large
Hadron Collider, the axion seems to be the last realistic particle dark matter candidate.
Very closely related to axion gravity, the so-called Chern-Simons term [25–41] coupled with a function depending
on the axion field, may be a realistic string theory originating correction, that may have a direct impact on low-energy
gravitational phenomena and even in the inflationary era itself. The Chern-Simons term coupled to the axion has the
form U(φ)R˜R, and it just the Chern-Pontryagin density. This string motivated term can have quite interesting effects
on inflationary physics, as it was demonstrated firstly in Refs. [42, 43], see also Refs. [3–5] for some recent modified
gravity applications. As it was shown in [42], the Chern-Simons term can affect directly the tensor modes of the
primordial perturbations, and this can have a measurable effect on the tensor-to-scalar ratio. This feature was also
shown to occur in the context of the Chern-Simons F (R) gravity [3]. Also in Ref. [43], it was demonstrated that the
primordial gravitational waves have two polarizations that propagate in a different way. This phenomenon is similar
and is related to chiral gravitational waves, which are also a very timely subject of current research [44–51].
Motivated by the above, in this work we shall investigate the propagation of gravitational waves, in the presence
of the Chern-Simons axion term in the context of Einstein gravity. Our aim is to discover whether the dispersion
relations are different for the two polarization modes, that is, the Right-handed mode and the Left-handed mode,
which are given by the linear combinations of the +-mode and ×-mode, focusing on the present time era, since it
is known that after horizon crossing, the amplitudes of the gravitational waves are conserved in the large scale limit
[43]. Our findings are quite interesting, since we demonstrate that during a late-time nearly de Sitter era, if the
axion coupling term is nearly constant, there exists a non-trivial mixing between the polarization states, and the two
polarizations have different dispersion relations. In addition, just for comparison reasons, we discuss the propagation
of gravitational waves in the context of F (R) gravity, which is the most representative theory of modified gravity
[52–58], and we compare the results to the Chern-Simons axion Einstein theory.
2This paper is organized as follows: In section II, we discuss several geometric features of the Einstein Chern-Simons
gravity, which we shall extensively use in the next sections. In section III, we present the essential features of the
Einstein Chern-Simons theory, and we study in detail the propagation of gravitational waves in a flat Friedmann-
Robertson-Walker background. Finally, in section IV, we discuss in detail the propagation of gravitational waves in
F (R) gravity, and we compare the results of F (R) gravity with the results we found corresponding to the Einstein
Chern-Simons gravity.
II. GEOMETRIC BACKGROUND AND FORMALISM
Before getting to the core of our study, we shall briefly elaborate on the geometric features of the theory at hand.
The curvature tensors and the connections are,
R =gµνRµν , Rµν = R
λ
µλν , R
λ
µρν = −Γλµρ,ν + Γλµν,ρ − ΓηµρΓλνη + ΓηµνΓλρη ,
Γηµλ =
1
2
gην (gµν,λ + gλν,µ − gµλ,ν) . (1)
By varying the metric tensor gµν as follows,
gµν → gµν + δgµν , (2)
we obtain the variation of the following tensors, which we shall need and use extensively in the following sections,
δΓκµν =
1
2
gκλ (∇µδgνλ +∇νδgµλ −∇λδgµν) ,
δR
µ
νλσ =∇λδΓµσν −∇σδΓµλν ,
δRµνλσ =
1
2
[
∇λ∇νδgσµ −∇λ∇µδgσν −∇σ∇νδgλµ +∇σ∇µδgλν + δgµρRρνλσ − δgνρRρµλσ
]
,
δRµν =
1
2
[∇ρ (∇µδgνρ +∇νδgµρ)−∇2δgµν −∇µ∇ν (gρλδgρλ)]
=
1
2
[∇µ∇ρδgνρ +∇ν∇ρδgµρ −∇2δgµν −∇µ∇ν (gρλδgρλ)− 2Rλ ρν µδgλρ +Rρµδgρν +Rρµδgρν] ,
δR =− δgµνRµν +∇µ∇νδgµν −∇2 (gµνδgµν) ,
[∇µ,∇ν ] δgλσ =− δgρσRρλµν − δgλρRρσµν . (3)
Consider now the anti-symmetric tensor Aµνρσ , and with it we construct the following action,
SA =
∫
dxµdxνdxρdxσAµνρσ , (4)
which is invariant under the general coordinate transformation. If we define the totally antisymmetric Levi-Civita
symbols ǫµνρσ and ǫ
µνρσ as follows,
ǫ0123 = −ǫ0123 = 1 , (5)
we have the following,
dxµdxνdxρdxσAµνρσ =− 1
4!
dxµdxνdxρdxσǫµνρσAµ′ν′ρ′σ′ǫ
µ′ν′ρ′σ′
=d4x
√−g 1√−gAµ′ν′ρ′σ′ǫ
µ′ν′ρ′σ′ . (6)
Then if we define ǫ˜µνρσ by,
ǫ˜µνρσ ≡ 1√−g ǫ
µνρσ , (7)
we can regard ǫ˜µνρσ as a tensor. We can also define,
ǫµνρσ = ηµµ′ηνν′ηρρ′ησσ′ǫ
µ′ν′ρ′σ′ , (8)
3and in addition,
ǫ˜µνρσ ≡ gµµ′gνν′gρρ′gσσ′ ǫ˜µ
′ν′ρ′σ′ =
√−gǫµνρσ . (9)
We should note that,
∇σ ǫ˜ζηρξ = 0 . (10)
due to the fact that,
ǫ˜ζηρξ∇σ ǫ˜ζηρξ
=ǫ˜ζηρξ
(
∂σ ǫ˜
ζηρξ + Γζστ ǫ˜
τηρξ + Γηστ ǫ˜
ζτρξ + Γρστ ǫ˜
ζητξ + Γξστ ǫ˜
ζηρτ
)
=− 4!
2
gµν∂σgµν + 3!
(
Γζσζ + Γ
η
ση + Γ
ρ
σρ + Γ
ξ
σξ
)
=
4!
2
(−gµν∂σgµν + gτµ (∂σgµτ + ∂τgσµ − ∂µgστ ))
=0 . (11)
We should note that there is only one non-vanishing component in ǫ˜ζηρξ and therefore if ǫ˜ζηρξ∇σ ǫ˜ζηρξ vanishes, the
quantity ∇σ ǫ˜ζηρξ also vanishes. The above identities and quantities defined, shall be extensively used in the following
section.
III. THE CHERN-SIMONS CORRECTED AXION MODEL
We shall consider a Chern-Simons corrected misalignment axion in the context of Einstein gravity, so the action
has the following form,
S =
1
2κ2
∫
d4x
√−g
[
R− ω(φ)
2
∂µφ∂
µφ− V (φ) + U(φ)ǫ˜µνρσRτλµνRλτρσ
]
. (12)
In most cases, the misalignment axion is taken to be a canonical scalar field, but we assume that it has a generalized
kinetic term, for generality of the argument. Due to the fact that,
δ
(√−gU(φ)ǫ˜µνρσRτλµνRλτρσ) = 2√−gU(φ) [ǫ˜ζηρµRτνζη + ǫ˜ζηρνRτµζη]∇ρ∇τ δgµν , (13)
by varying Eq. (2), the action (12) gives the following equations of motion,
0 =
1
2
{
R− ω(φ)
2
∂µφ∂
µφ− V (φ)
}
gµν −Rµν + ω(φ)
2
∂µφ∂νφ
+ 2 (gµξgνσ + gµσgνξ)∇τ∇ρ
(
U(φ)ǫ˜ζηρξRτσζη
)
. (14)
Let us in brief consider the solutions in a flat FRW spacetime, the line element of which is,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (15)
and we shall assume that the scalar field φ depends solely on the cosmic time t. Then, in view of the following
relations that hold true for the flat FRW background,
Γtij = a
2Hδij , Γ
i
jt = Γ
i
tj = Hδ
i
j , Γ
i
jk = Γ˜
i
jk ,
Ritjt = −
(
H˙ +H2
)
a2δij , Rijkl = a
4H2 (δikδlj − δilδkj) ,
Rtt = −3
(
H˙ +H2
)
, Rij = a
2
(
H˙ + 3H2
)
δij , R = 6H˙ + 12H
2 ,
other components = 0 , (16)
we obtain the following two equations,
0 = −3H2 + ω(φ)
4
φ˙2 +
V (φ)
2
, 0 = 2H˙ + 3H2 +
ω(φ)
4
φ˙2 − V (φ)
2
. (17)
4We should note that the term containing the scalar coupling function to the Chern-Simons term, namely, U(φ), does
not contribute to the above equations in (17). This was also noted in Ref. [42] and actually, the Chern-Simons does
not affect the scalar perturbations at all, only the tensor perturbations. We may choose φ to be the cosmological time
t, that is, φ = t. Then the equations in (17) have the following forms,
0 = −3H2 + ω(φ)
4
+
V (φ)
2
, 0 = 2H˙ + 3H2 +
ω(φ)
4
− V (φ)
2
, (18)
which can be solved with respect to ω(φ) and V (φ) as follows,
ω(φ) = −4H˙ , V (φ) = 2H˙ + 6H2 . (19)
Then if we choose
ω(φ) = −4f ′(φ) , V (φ) = 2f ′(φ) + 6f(φ)2 , (20)
a solution of the equations in (17) is given by H = f(t) and φ = t. After these preliminary general features, which
indicated that the Chern-Simons term does not affect at all the equations of motion of the gravitational theory, we
proceed to the study of the gravity waves. As we shall demonstrate in the next subsection, the gravitational waves
are affected significantly by the presence of the non-trivial Chern-Simons term.
A. Gravitational Waves and Their Polarizations
In this section we shall study the propagation of gravitational waves in the Chern-Simons axion Einstein gravity.
In order to study the propagation of the gravitational wave, we consider the perturbation of Eq. (14), from the
background whose metric is g
(0)
µν ,
gµν = g
(0)
µν + hµν . (21)
Then the corresponding Einstein equations are,
Gµν =− 1
2
(
∇(0)µ ∇(0) ρhνρ +∇(0)ν ∇(0) ρhµρ −(0)hµν −∇(0)µ ∇(0)ν
(
g(0)ρλhρλ
)
− 2R(0)λ ρν µhλρ +R(0) ρµhρν +R(0) ρνhρµ
)
+
1
2
(
R(0) − ω
(
φ(0)
)
2
g(0)ρσ∂ρφ
(0)∂σφ
(0) − V
(
φ(0)
))
hµν
+
1
2
g(0)µν
(
−hρσ
(
R(0) ρσ − ω
(
φ(0)
)
2
∂ρφ(0)∂σφ(0)
)
+∇(0) ρ∇(0) σhρσ −(0)
(
g(0) ρσhρσ
))
+ 2
(
hµξg
(0)
νσ + hµσg
(0)
νξ + g
(0)
µξ hνσ + g
(0)
µσhνξ
)
ǫ˜(0) ζηρξ∇(0)τ ∇(0)ρ
(
U
(
φ(0)
)
R
(0) τσ
ζη
)
+ 2
(
g
(0)
µξ g
(0)
νσ + g
(0)
µσ g
(0)
νξ
){
−1
2
g(0)αβhαβ ǫ˜
(0) ζηρξ∇(0)τ ∇(0)ρ
(
U
(
φ(0)
)
R
(0) τσ
ζη
)
+ ǫ˜(0) ζηρξhαβ∇(0)α∇(0)ρ
(
U
(
φ(0)
)
R
(0)σβ
ζη
)
− 1
2
ǫ˜(0) ζηρξg(0) τα∇(0)τ ∇(0)ρ
(
2U
(
φ(0)
)
g(0)σβ
(
∇(0)ζ
(
∇(0)η hαβ +∇(0)α hηβ −∇(0)β hηα
)))
− 1
2
ǫ˜(0) ζηρξg(0) τα∇(0)τ
(
U
(
φ(0)
)(
g(0)σβ
(
∇(0)ρ hβγ +∇(0)γ hρβ −∇(0)β hργ
)
R
(0) γ
αζη
− g(0) γβ
(
∇(0)ρ hβα +∇(0)α hρβ −∇(0)β hρα
)
R
(0)σ
γζη
− g(0) γβ
(
∇(0)ρ hβζ +∇(0)ζ hρβ −∇(0)β hρζ
)
R(0)σαγη
−g(0)γβ
(
∇(0)ρ hβη +∇(0)η hρβ −∇(0)β hgρη
)
R
(0)σ
αζγ
))
− 1
2
ǫ˜(0) ζηρξg(0)τα
(
−g(0) βγ
(
∇(0)τ hγρ +∇(0)ρ hτγ −∇(0)γ hτρ
)
∇(0)β
(
U
(
φ(0)
)
R
(0)σ
αζη
)
5+ g(0)σγ
(
∇(0)τ hγβ +∇(0)β hτγ −∇(0)γ hτβ
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)β
αζη
)
− g(0)βγ
(
∇(0)τ hγα +∇(0)α hτγ −∇(0)γ hτα
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)σ
βζη
)
− g(0)βγ
(
∇(0)τ hγζ +∇(0)ζ hτγ −∇(0)γ hτζ
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)σ
αβη
)
−g(0)βγ
(
∇(0)τ hγη +∇(0)η hτγ −∇(0)γ hτη
)
∇(0)ρ
(
U
(
φ(0)
)
R
(0)σ
αζβ
))}
= 0 . (22)
In the Appendix, we present the explicit form of the (t, t), (i, j), and (t, i) components of the Einstein tensor of
Eq. (22) in the FRW background (15). We now choose the following gauge condition,
0 = ∇µhµν . (23)
In the FRW background (15), the gauge condition (23) has the following forms,
0 =− 3Hhtt − ∂htt
∂t
− H
a2
(hxx + hyy + hzz) +
1
a2
(
∂htx
∂x
+
∂hty
∂y
+
∂htz
∂z
)
, (24)
0 =− 3Hhtx − ∂htx
∂t
+
1
a2
(
∂hxx
∂x
+
∂hxy
∂y
+
∂hxz
∂z
)
, (25)
0 =− 3Hhty − ∂hty
∂t
+
1
a2
(
∂hyy
∂y
+
∂hxy
∂x
+
∂hyz
∂z
)
, (26)
0 =− 3Hhtz − ∂htz
∂t
+
1
a2
(
∂hzz
∂z
+
∂hxz
∂x
+
∂hyz
∂y
)
. (27)
As we are interested in the gravitational wave, which corresponds to the massless spin 2 mode, we assume that,
htµ = hµt = 0 ,
∑
i=1,2,3
hii = 0 . (28)
Then Eqs. (24), (25), (26), and (27) yield,
0 =
∑
j
∂jhji . (29)
In effect, Eq. (72) in the Appendix indicates that Gtt = Gtx = Gty = Gtz = 0, that is, (t, t), (t, x), (t, y), and
(t, z)-components of (22) are satisfied. In addition, the other Einstein tensor components are,
Gxx =H˙hxx +H
2hxx − 1
2
∂2hxx
∂t2
+H
1
2
∂hxx
∂t
+
1
a2
(
∂2hyz
∂z∂y
− 1
2
∂2hyy
∂z2
− 1
2
∂2hzz
∂y2
)
+
8H˙U˙
a
(
∂hxz
∂y
− ∂hxy
∂z
)
+H
[
8U¨
a
(
∂hxz
∂y
− ∂hxy
∂z
)
+
8U˙
a
(
∂2hxz
∂y∂t
− ∂
2hxy
∂z∂t
)]
+
4U˙
a3
(
∂3hxz
∂y3
− ∂
3hxy
∂z3
− ∂
3hxy
∂z∂y2
+
∂3hxz
∂y∂z2
− ∂
3hyz
∂x∂y2
+
∂3hyz
∂x∂z2
+
∂3(hyy − hzz)
∂x∂y∂z
)
+
4U¨
a
(
∂2hxy
∂z∂t
− ∂
2hxz
∂y∂t
)
+
4U˙
a
(
−∂
3hxz
∂y∂t2
+
∂3hxy
∂z∂t2
)
, (30)
Gyy =H˙hyy +H
2hyy − 1
2
∂2hyy
∂t2
+H
1
2
∂hyy
∂t
+
1
a2
(
∂2hzx
∂x∂z
− 1
2
∂2hzz
∂x2
− 1
2
∂2hxx
∂z2
)
+
8H˙U˙
a
(
∂hyx
∂z
− ∂hyz
∂x
)
+H
[
8U¨
a
(
∂hyx
∂z
− ∂hyz
∂x
)
+
8U˙
a
(
∂2hyx
∂z∂t
− ∂
2hyz
∂x∂t
)]
+
4U˙
a3
(
∂3hyx
∂z3
− ∂
3hyz
∂x3
− ∂
3hyz
∂x∂z2
+
∂3hyx
∂z∂x2
− ∂
3hzx
∂y∂z2
+
∂3hzx
∂y∂x2
+
∂3(hzz − hxx)
∂y∂z∂x
)
+
4U¨
a
(
∂2hyz
∂x∂t
− ∂
2hyx
∂z∂t
)
+
4U˙
a
(
−∂
3hyx
∂z∂t2
+
∂3hyz
∂x∂t2
)
, (31)
6Gzz =H˙hzz +H
2hzz − 1
2
∂2hzz
∂t2
+H
1
2
∂hzz
∂t
+
1
a2
(
∂2hxy
∂y∂x
− 1
2
∂2hxx
∂y2
− 1
2
∂2hyy
∂x2
)
+
8H˙U˙
a
(
∂hzy
∂x
− ∂hzx
∂y
)
+H
[
8U¨
a
(
∂hzy
∂x
− ∂hzx
∂y
)
+
8U˙
a
(
∂2hzy
∂x∂t
− ∂
2hzx
∂y∂t
)]
+
4U˙
a3
(
∂3hzy
∂x3
− ∂
3hzx
∂y3
− ∂
3hzx
∂y∂x2
+
∂3hzy
∂x∂y2
− ∂
3hxy
∂z∂x2
+
∂3hxy
∂z∂y2
+
∂3(hxx − hyy)
∂z∂x∂y
)
+
4U¨
a
(
∂2hzx
∂y∂t
− ∂
2hzy
∂x∂t
)
+
4U˙
a
(
−∂
3hzy
∂x∂t2
+
∂3hzx
∂y∂t2
)
, (32)
Gxy =H˙
[
hxy +
4U˙
a
(
∂(hxx − hyy)
∂z
+
∂hyz
∂y
− ∂hxz
∂x
)]
+H2hxy
+H
[
1
2
∂hxy
∂t
+
4U¨
a
(
∂(hxx − hyy)
∂z
+
∂hyz
∂y
− ∂hxz
∂x
)
+
4U˙
a
(
∂2(hxx − hyy)
∂z∂t
+
∂2hyz
∂y∂t
− ∂
2hxz
∂x∂t
)]
− 1
2
∂2hxy
∂t2
+
2U¨
a
(
∂2(hyy − hxx)
∂z∂t
+
∂2hxz
∂x∂t
− ∂
2hyz
∂y∂t
)
+
2U˙
a
(
∂3(hyy − hxx)
∂z∂t2
+
∂3hxz
∂x∂t2
− ∂
3hyz
∂y∂t2
)
+
1
2a2
(
∂2hxy
∂z2
+
∂2hzz
∂y∂x
− ∂
2hxz
∂z∂y
− ∂
2hyz
∂z∂x
)
+
2U˙
a3
(
∂3(hxx − hyy)
∂z3
+
∂3(hzz − hyy)
∂z∂x2
+
∂3(hxx − hzz)
∂z∂y2
+ 2
∂3hyz
∂y∂x2
− 2 ∂
3hxz
∂x∂y2
+ 2
∂3hyz
∂y∂z2
− 2 ∂
3hxz
∂x∂z2
)
, (33)
Gxz =H˙
[
hxz − 4U˙
a
(
∂(hxx − hzz)
∂y
+
∂hyz
∂z
− ∂hxy
∂x
)]
+H2hxz
+H
[
1
2
∂hxz
∂t
− 4U¨
a
(
∂(hxx − hzz)
∂y
+
∂hyz
∂z
− ∂hxy
∂x
)
−4U˙
a
(
∂2(hxx − hzz)
∂y∂t
+
∂2hyz
∂z∂t
− ∂
2hxy
∂x∂t
)]
− 1
2
∂2hxz
∂t2
− 2U¨
a
(
∂2(hzz − hxx)
∂y∂t
+
∂2hxy
∂x∂t
− ∂
2hyz
∂z∂t
)
− 2U˙
a
(
∂3(hzz − hxx)
∂y∂t2
+
∂3hxy
∂x∂t2
− ∂
3hyz
∂z∂t2
)
+
1
2a2
(
∂2hxz
∂y2
+
∂2hyy
∂z∂x
− ∂
2hxy
∂z∂y
− ∂
2hyz
∂y∂x
)
− 2U˙
a3
(
∂3(hxx − hzz)
∂y3
+
∂3(hyy − hzz)
∂y∂x2
+
∂3(hxx − hyy)
∂y∂z2
+ 2
∂3hyz
∂z∂x2
− 2 ∂
3hxy
∂x∂z2
+ 2
∂3hyz
∂z∂y2
− 2 ∂
3hxy
∂x∂y2
)
, (34)
Gyz =H˙
[
hyz +
4U˙
a
(
∂(hyy − hzz)
∂x
+
∂hxz
∂z
− ∂hxy
∂y
)]
+H2hyz
+H
[
1
2
∂hyz
∂t
+
4U¨
a
(
∂(hyy − hzz)
∂x
+
∂hxz
∂z
− ∂hxy
∂y
)
+
4U˙
a
(
∂2(hyy − hzz)
∂x∂t
+
∂2hxz
∂z∂t
− ∂
2hxy
∂y∂t
)]
− 1
2
∂2hyz
∂t2
+
2U¨
a
(
∂2(hzz − hyy)
∂x∂t
+
∂2hxy
∂y∂t
− ∂
2hxz
∂z∂t
)
+
2U˙
a
(
∂3(hzz − hyy)
∂x∂t2
+
∂3hxy
∂y∂t2
− ∂
3hxz
∂z∂t2
)
+
1
2a2
(
∂2hyz
∂x2
+
∂2hxx
∂z∂y
− ∂
2hxy
∂z∂x
− ∂
2hxz
∂y∂x
)
+
2U˙
a3
(
∂3(hyy − hzz)
∂x3
+
∂3(hxx − hzz)
∂x∂y2
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∂3(hyy − hxx)
∂x∂z2
+ 2
∂3hxz
∂z∂y2
− 2 ∂
3hxy
∂y∂z2
+ 2
∂3hxz
∂z∂x2
− 2 ∂
3hxy
∂y∂x2
)
. (35)
In order to reveal the propagation properties at present time, let us assume that the variations of the Hubble rate H
and of the axion Chern-Simons coupling function U˙ during the propagation of the gravitational wave are negligible
and they are constant, that is,
H2 = H20 , H˙ = H1 , U˙ = U0 , U¨ = 0 , (36)
with constants H0, H1, and U0. We also assume that the scale factor a is slowly varying at present time, so we shall
assume that it is approximately equal to unity, a ≃ 1. We also consider the gravitational wave propagating along the
z-direction, that is, hij ∝ e−i(ωt−kz), with a constant angular frequency ω and a constant wavenumber k. Then the
conditions in (28) and (29) indicate that,
hiz = 0 , hxx = −hyy = h+e−i(ωt−kz) , hxy = hyx = h×e−i(ωt−kz) , (37)
with complex constants h+ and h×, which express the polarizations of the gravitational wave. Only the real parts in
(37) are physically meaningful. Then the non-zero components of the Einstein tensor are,
Gxx = −Gyy
=
(
H1 +H
2
0 −
iωH0
2
+
ω2
2
− k
2
2
)
h+ − 4ik
(
2H1 − 2iωH0 − k2 + ω2
)
U0h× , (38)
Gxy =
(
H1 +H
2
0 −
iωH0
2
+
ω2
2
− k
2
2
)
h× + 4ik
(
2H1 − 2iωH0 − k2 + ω2
)
U0h+ , (39)
Gzz =Gxz = Gyz = 0 . (40)
An interesting situation arises when U0 6= 0 and H 6= 0 (H0 6= 0 or H1 6= 0), in which case there is always a mixing
of +-mode corresponding to h+ and ×-mode to h×. This scenario is particularly interesting since there is a non-
trivial polarization mode for the gravitational wave, and also the dispersion relation for the two polarization modes
corresponding to the Right-handed mode h× = ih+ and the Left-handed mode h× = −ih+ are different from each
other. We should note, however, even if U0 6= 0, in a flat background where H = 0 (H0 = H1 = 0), as long as the
dispersion relation ω2 = k2 is satisfied, the +-mode and ×-mode becomes independent from each other.
We now explain the above mentioned things in more details. From the condition that the equations Gxx = Gyy =
Gxy = 0 have non-trivial solutions, we find the dispersion relation,(
H1 +H
2
0 −
iωH0
2
+
ω2
2
− k
2
2
)2
= 16k2
(
2H1 − 2iωH0 + ω2 − k2
)2
U20 , (41)
that is,
H1 +H
2
0 −
iωH0
2
+
ω2
2
− k
2
2
= ±4k (2H1 − 2iωH0 + ω2 − k2)U0 , (42)
which indicates that h× = ±ih+ and if k > 0, + sign h× = ih+ corresponds to the Right-handed polarization and
− sign h× = ih+ to the Left-handed polarization (see [59], for example). Therefore the Right-handed polarization
mode has a dispersion relation different from that of the Left-handed polarization. The dispersion relation (42) can
be rewritten in the following form,
0 = DR
L
(ω, k) ≡ ω2 − k2 + 2H1 + 2H
2
0 − iωH0 ∓ 16kU0 (H1 − 2iωH0)
1∓ 8kU0 . (43)
If we assume |kU0| ≪ 1, Eq. (45) has the following form,
0 = DR
L
(ω, k) ∼ ω2 − k2 + 2H1 + 2H20 − iωH0 ± 16kU0H20 ± 24iωkU0H0 . (44)
Then although the term −iωH0 gives the dissipation coming from the expansion of the universe, the last term
±24iωkU0H0 works against for the dissipation in the Right-handed mode (now we assume k > 0) but works to
increase the dissipation for the Left-handed mode. When we consider the high frequency mode |kU0| ≫ 1 and
ωH0 ≫ H1, Eq. (45) has the following form,
0 = DR
L
(ω, k) ∼ ω2 − k2 − 4iωH0 . (45)
8We may compare the above expression with the expression in case U0 = 0 and for the high frequency mode,
0 = DR
L
(ω, k) ∼ ω2 − k2 − iωH0 . (46)
Although U0 does not appear in the expression of Eq. (45), the dissipation is four times stronger than that in case of
U0 = 0 in (46).
In general relativity, the gravitational wave has two modes corresponding to the helicity, that is, the Right-handed
mode and the Left handed mode. The two modes have the identical dispersion relation, which enables to consider
+-mode and ×-mode, instead of the Right- and Left-handed modes. In the model which we are now consider, we
cannot consider the +-mode and the ×-mode as independent modes because the Right- and Left-handed modes
satisfy different dispersion relations, respectively. This is because the model breaks parity and therefore the model is
chiral, which is an important result of this work. This polarization asymmetry of the two propagating modes of the
gravitational wave could be detected in the future in the LIGO or the forthcoming LISA collaborations. In addition,
the polarization of the gravitational wave in the early Universe also affects the polarization of CMB, and specifically
the E-mode and B-modes, see for example [60].
IV. GRAVITATIONAL WAVES IN F (R) GRAVITY
For comparison reasons, in this section we shall study the gravitational waves in F (R) gravity, with the action
being,
S =
∫
d4x
√−g
[
F (R)
2κ2
+ Lmatter (gµν ,Φi)
]
, (47)
where Lmatter is the Lagrangian density of the matter fluids present, and the Φi’s express the various different matter
fields. We can rewrite the action (47) by introducing the auxiliary scalar fields A and B in the following way,
SAB =
∫
d4x
√−g
[
1
2κ2
{B (R−A) + F (A)} + Lmatter (gµν ,Φi)
]
. (48)
Upon variation of the action with respect to the auxiliary scalar A, we obtain,
B = F ′(A) . (49)
By redefining the scalar field B by introducing a new scalar field σ with B = eσ, we assume that Eq. (49) can be
solved with respect to A as A = A(σ). In effect, the action (48) can be rewritten as follows,
Sσφ =
∫
d4x
√−g
[
1
2κ2
{eσ (R−A (σ)) + F (A (σ))}+ Lmatter (gµν ,Φi)
]
. (50)
By performing a scale transformation of the metric tensor,
gµν = e
−σ g˜µν , (51)
the action (50) can be transformed in the Einstein frame, and it is equal to,
SE =
∫
d4x
√
−g˜
[
1
2κ2
{
R˜− 3
2
∂µσ∂
µσ
}
− U (σ) + e−2σLmatter
(
e−σg˜µν ,Φi
)]
,
U (σ) ≡e−σA (σ)− e−2σF (A (σ)) . (52)
Let us now consider the gravitational wave, based on the action (52) in the Einstein frame by considering the
perturbation of the background metric, g˜µν = g˜
(0)
µν as g˜µν = g˜
(0)
µν + h˜µν in the Einstein equation, so we have,
R˜µν − 1
2
g˜µνR˜ = 3∂µσ∂νσ + g˜µν
(
−3
2
∂ρσ∂
ρσ − U (σ)
)
+ κ2T˜matterµν . (53)
Here the matter energy momentum tensor T˜ µνmatter in the Einstein frame is,
T˜
µν
matter ≡
2√−g˜
∂
(√−g˜e−2σLmatter (e−σ g˜µν ,Φi))
∂g˜µν
. (54)
9If the matter fluids are minimally coupled with gravity, that is, if the matter Lagrangian is of the form
Lmatter (e−σg˜µν ,Φi) = Lmatter (gµν ,Φi), so it does not include any derivative of the metric gµν , the matter energy mo-
mentum tensor T˜ µνmatter in the Einstein frame is related with the matter energy momentum tensor T
µν
matter in the original
Jordan frame as T˜ µνmatter = e
−3σT
µν
matter, that is, T˜matterµν = e
−σTmatterµν . When we consider the gravitational wave,
we often use the transverse and traceless gauge conditions. Since we are considering the scale transformation (51),
if hµν , which is defined as the fluctuation from the background metric gµν = g
(0)
µν as gµν = g
(0)
µν + hµν in the original
frame in the action (47), it satisfies the transverse and traceless gauge conditions,
∇µhµν = g(0)µνhµν = 0 . (55)
However, the scale transformed fluctuation h˜µν = e
σhµν does not always satisfy the first condition in Eq. (55),
although the second condition is trivially satisfied, g˜(0)µν h˜µν = e
−σg(0)µνeσhµν = g
(0)µνhµν = 0. For the first
condition in Eq. (55), under the scale transformation, we find,
∇˜µh˜ νµ = e−σ∇µhµν + 4e−σg(0)µτg(0) νρσ,τhµρ − e−σg(0) νρσ,ρg(0)µτhµτ = 4e−σg(0)µτg(0) νρσ,τhµρ . (56)
Then if we assume that we have a homogeneous and isometric background metric, σ depends solely on the cosmological
time t, and also g
(0)
ti = 0. In effect, if we consider the perturbation with htµ = 0 since we are considering the massless
spin 2 mode, we find,
∇˜µh˜ νµ = g˜(0)µν h˜µν = 0 . (57)
Therefore, the gauge conditions in (55) for the graviton are not changed by the scale transformation under consider-
ation,
∇˜µh˜µν = g˜(0)µν h˜µν = 0 . (58)
Then under the condition (58), the equation for the gravitational wave can be written as follows,
0 =
1
2κ2
(
−1
2
(
−˜(0)h˜µν − 2R˜(0)λ ρν µh˜λρ + R˜(0) ρµh˜ρν + R˜(0) ρν h˜ρµ
)
+
1
2
R(0)hµν − 1
2
g˜(0)µν h˜ρσR˜
(0) ρσ
)
+ h˜µν
(
−3
2
∂ρσ∂
ρσ − U (σ)
)
+
3
2
g˜(0)µν ∂
ρσ∂τσh˜ρτ +
1
2
∂T˜matterµν
∂g˜ρτ
h˜ρτ . (59)
We are now interested in the massless spin-two mode, which satisfies,
h˜it = h˜ti = hit = hti = 0 ,
∑
i=1,2,3
h˜ii =
∑
i=1,2,3
hii = 0 , i = 1, 2, 3 , h˜tt = htt = 0 . (60)
In the spatially flat FRW universe in the Einstein frame,
ds˜2 ≡ eσds2 = −dt˜2 + a˜ (t˜)2 ∑
i=1,2,3
(
dxi
)2
, (61)
where dt˜ ≡ eσ2 dt and a˜ (t˜) ≡ eσ2 a(t), due to the isometry in the spacial part, we may assume,
∂T˜matter tt
∂g˜ij
∝ δij , ∂T˜matter tk
∂g˜ij
=
∂T˜matterkt
∂g˜ij
= 0 . (62)
We may further assume that the matter energy-momentum tensor (54) in the Einstein frame has the following perfect
fluid form,
T˜matterµν = ρ˜U˜µU˜ν + p˜γ˜µν . (63)
Here
(
U˜µ
)
is the four velocity of the matter fluid and we now assume U˜0 = 1 and U˜ i = 0. In Eq. (63), γ˜µν is the
projection tensor to the spatial directions perpendicular to U˜µ,
γ˜µν = g˜µν + U˜µU˜ν . (64)
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We now also assume that the matter fluid minimally couples with the metric g˜µν , that is, the coupling between the
matter fluids and the metric does not include the derivative of the metric. Then, under the perturbation g˜µν =
g˜
(0)
µν + h˜µν , we find,
δρ˜ = ρ˜µν h˜µν , δp˜ = p˜
µν h˜µν . (65)
On the other hand, the variation of U˜µ is given by using the condition U˜
µU˜µ = −1, that is,
0 = 2
(
δU˜µ
)
+ U˜µU˜ν h˜µν = U˜
µ
(
2g˜(0)µν δU˜
ν + h˜µν U˜
ν
)
, (66)
and hence we have,
δU˜µ = −1
2
g˜(0)µρ
(
h˜ρν U˜
ν + lρ
)
. (67)
Here lµ is an arbitrary vector which satisfies the condition U˜
µlµ = 0, but we choose lµ = 0 by assuming the isometry.
Due to the isometry, we may assume ρij and pij are proportional to δij , Then the (t, t) and (t, i) components of
equation for the gravitational wave (59) are trivially satisfied and the (i, j) component is given by,
0 =
1
2κ2
(
1
2
(
−∂2
t˜
h˜ij + a˜
−2△h˜ij
)
+
(
3
dH˜
dt˜
+ 4H˜2
)
h˜ij + h˜ij
(
3
2
(
dσ
dt˜
)2
− U (σ)
))
. (68)
We may rewrite Eq. (68) in the original Jordan frame, and since, h˜µν = e
σhµν and a˜ = e
σ
2 a, we find the following,
∂
∂t˜
=e−
σ
2
∂
∂t
,
∂2
∂t˜2
= e−σ
(
∂2
∂t2
− 1
2
dσ
dt
∂
∂t
)
,
H˜ =
1
a˜
da˜
dt˜
= e−
σ
2
(
1
2
dσ
dt
+H
)
,
dH˜
dt˜
= e−σ˜
(
1
2
d2σ
dt2
+
1
4
(
dσ
dt
)2
+
dH
dt
)
,
∂2h˜ij
∂t˜2
=
∂2hij
∂t2
+
d2σ
dt2
hij +
(
dσ
dt
)2
hij + 2
dσ
dt
∂hij
∂t
− 1
2
(
dσ
dt
)2
∂hij
∂t
− 1
2
dσ
dt
∂hij
∂t
=
∂2hij
∂t2
+
d2σ
dt2
hij +
1
2
(
dσ
dt
)2
hij +
3
2
dσ
dt
∂hij
∂t
. (69)
Then, due to the fact that p˜ = e−2σp from Eq. (63) (T˜matterµν = e
−σTmatterµν and γ˜µν = e
σγµν), Eq. (68) can be
rewritten as follows,
0 =
1
2κ2
(
1
2
(
−∂2t hij +
3
2
σ˙∂thij +
(
σ¨ + σ˙2
)
hij + a
−2△hij
)
+
(
3H˙ + 4H2 +
3
2
σ¨ +
13
4
σ˙2 + 4σ˙H − eσU (σ)
)
hij
)
+
1
2
e−σphij . (70)
We should note that eσ is given in Eq. (49) and U (σ) is given in Eq. (52). Then in terms of the Jordan frame, we
find,
σ = ln (F ′(R)) , U (σ) = e−σR − e−2σF (R) = RF
′(R)− F (R)
F ′(R)2
. (71)
From Eq. (70), it is clear that if σ˙ > 0, the gravitational wave is enhanced and if σ˙ < 0, dissipation of the gravity
wave occurs. The enhancement or the dissipation of the gravity wave occurs due to the term ∼ 32 σ˙∂thij in Eq. (70),
which includes the first derivative of hij . The enhancement or the dissipation of the gravity wave occurs as an effect
originating from the scale transformation, h˜µν = e
σhµν .
Comparing the propagation of the gravitational wave in F (R) gravity with the gravitational wave in the Einstein
Chern-Simons gravity, it is apparent that in the F (R) gravity case, there is no difference in the propagation between
the right-handed mode and the left-handed mode in helicity, an effect which occurs due to the fact that there is no
violation of parity in F (R) gravity. However it is expected that the presence of the Chern-Simons term in vacuum
F (R) gravity may induce non-trivial phenomena. We should also note that there appears a dissipation or enhancement
term coming from the Chern-Simons term in the Chern-Simons Einstein gravity, similar term also appear in the F (R)
gravity.
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V. CONCLUSIONS
In this work we studied the propagation of gravitational waves in the Chern-Simons axion Einstein gravity context.
Our aim was to examine whether it is possible to reveal at a quantitative level, any significant difference between
the two polarization modes. We performed the study assuming a flat FRW background, and by studying the tensor
perturbations of the metric, we demonstrated that the +-mode and ×-mode cannot be independent from each other
but they appear only as the combination of the Right-handed mode or the Left-handed mode and the dispersion
relations of the Right-handed mode and the Left-handed mode are different, even for the simplest form of the Chern-
Simons scalar axionic coupling. This is because the Chern-Simons scalar term breaks parity and therefore the model
is chiral. We may expect that the difference of the polarization could be detected by LIGO and forthcoming LISA
collaboration. Also, the polarization of the primordial gravity waves influences the polarization of CMB, E-mode and
B-mode in the early Universe [60]. It is conceivable that more complex axion scalar couplings to the Chern-Simons term
may further perplex the dispersion relations for the two polarization modes. For the low-frequency mode, the Chern-
Simons scalar coupling works against for the dissipation in the Right-handed mode works to increase the dissipation
for the Left- handed mode. On the other hand, for the high frequency mode, the Chern-Simons scalar coupling
makes the dissipation of the gravitational wave four times stronger than that in case of the standard Einstein gravity.
U0 = 0 in (46). In addition to the above findings, we demonstrated that there exists a non-trivial mixing between
the two different polarization modes, which strongly suggests differences between the standard scalar axion Einstein
gravity and the Chern-Simons axion Einstein gravity. Just for comparison, we also investigated the propagation of
the gravitational wave in the F (R) gravity model and found that there is no difference between the Right-handed
mode and the Left-handed mode, which is, of course, because the model does not violate the parity. We should also
note that the F (R) gravity includes a scalar propagating mode as in the Einstein frame action (52). Even in the
Chern-Simons axion Einstein gravity, as clear from the action (12), there appears a propagating scalar mode. Both of
the scalar modes are massive and there is not so explicit difference. However, regarding the gravitational waves, in the
f(R) gravity case, one has a scalar component of the gravity waves, which is though not present in the Chern-Simons
axion Einstein case. The only effect of the Chern-Simons term is to discriminate between the two tensor modes of
the gravitational wave, and in fact this is the new feature that the Chern-Simons term induces, and it is a challenge
for the gravitational wave astronomy to find any parity violating gravitational modes. A highly non-trivial task is
to investigate the F (R) gravity extension of the axion Chern-Simons gravity. We aim to study this case in a future
work.
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Appendix: Detailed Form of Einstein Tensor Components
In this Appendix we present the explicit form of the (t, t), (i, j), and (t, i) components of the Einstein tensor of
Eq. (22) in the FRW background (15), which are,
Gtt =− H˙htt +H2
[
−3htt + 2
a2
(hxx + hyy + hzz)
]
+
H
a2
[
− ∂
∂t
(hxx + hyy + hzz) + 2
(
∂htx
∂x
+
∂hty
∂y
+
∂htz
∂z
)]
+
1
a4
[
1
2
{
∂2
∂x2
(hyy + hzz) +
∂2
∂y2
(hxx + hzz) +
∂2
∂z2
(hxx + hyy)
}
−∂
2hxy
∂x∂y
− ∂
2hxz
∂x∂z
− ∂
2hyz
∂y∂z
]
, (72)
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Gxx =H˙
[
a2htt − hyy − hzz + 8U˙
a
(
∂hxz
∂y
− ∂hxy
∂z
)]
+H2 (3htt − hyy − hzz)
+H
[
a2
∂htt
∂t
− 1
2
∂(hyy + hzz)
∂t
− ∂hty
∂y
− ∂htz
∂z
+
8U¨
a
(
∂hxz
∂y
− ∂hxy
∂z
)
+
8U˙
a
(
∂2hxz
∂y∂t
− ∂
2hxy
∂z∂t
)]
+
1
2
(
∂2(hyy + hzz)
∂t2
+
∂2htt
∂y2
+
∂2htt
∂z2
)
− ∂
2hty
∂y∂t
− ∂
2htz
∂z∂t
+
4U¨
a
(
∂2htz
∂y∂x
− ∂
2hty
∂z∂x
+
∂2hxy
∂z∂t
− ∂
2hxz
∂y∂t
)
+
4U˙
a
(
∂3htz
∂y∂x∂t
− ∂
3hty
∂z∂x∂t
− ∂
3hxz
∂y∂t2
+
∂3hxy
∂z∂t2
)
+
1
a2
(
∂2hyz
∂z∂y
− 1
2
∂2hyy
∂z2
− 1
2
∂2hzz
∂y2
)
+
4U˙
a3
(
∂3hxz
∂y3
− ∂
3hxy
∂z3
− ∂
3hxy
∂z∂y2
+
∂3hxz
∂y∂z2
− ∂
3hyz
∂x∂y2
+
∂3hyz
∂x∂z2
+
∂3(hyy − hzz)
∂x∂y∂z
)
, (73)
Gyy =H˙
[
a2htt − hxx − hzz − 8U˙
a
(
∂hyz
∂x
− ∂hxy
∂z
)]
+H2 (3htt − hxx − hzz)
+H
[
a2
∂htt
∂t
− 1
2
∂(hxx + hzz)
∂t
− ∂htx
∂x
− ∂htz
∂z
− 8U¨
a
(
∂hyz
∂x
− ∂hxy
∂z
)
−8U˙
a
(
∂2hyz
∂x∂t
− ∂
2hxy
∂z∂t
)]
+
1
2
(
∂2(hxx + hzz)
∂t2
+
∂2htt
∂x2
+
∂2htt
∂z2
)
− ∂
2htx
∂x∂t
− ∂
2htz
∂z∂t
− 4U¨
a
(
∂2htz
∂y∂x
− ∂
2htx
∂z∂y
+
∂2hxy
∂z∂t
− ∂
2hyz
∂x∂t
)
− 4U˙
a
(
∂3htz
∂x∂y∂t
− ∂
3htx
∂z∂y∂t
− ∂
3hyz
∂x∂t2
+
∂3hxy
∂z∂t2
)
+
1
a2
(
∂2hxz
∂z∂x
− 1
2
∂2hxx
∂z2
− 1
2
∂2hzz
∂x2
)
− 4U˙
a3
(
∂3hyz
∂x3
− ∂
3hxy
∂z3
− ∂
3hxy
∂z∂x2
+
∂3hyz
∂x∂z2
− ∂
3hxz
∂y∂x2
+
∂3hxz
∂y∂z2
+
∂3(hxx − hzz)
∂x∂y∂z
)
, (74)
Gzz =H˙
[
a2htt − hxx − hyy + 8U˙
a
(
∂hyz
∂x
− ∂hxz
∂y
)]
+H2 (3htt − hxx − hyy)
+H
[
a2
∂htt
∂t
− 1
2
∂(hxx + hyy)
∂t
− ∂htx
∂x
− ∂hty
∂y
+
8U¨
a
(
∂hyz
∂x
− ∂hxz
∂y
)
+
8U˙
a
(
∂2hyz
∂x∂t
− ∂
2hxz
∂y∂t
)]
+
1
2
(
∂2(hxx + hyy)
∂t2
+
∂2htt
∂x2
+
∂2htt
∂y2
)
− ∂
2htx
∂x∂t
− ∂
2hty
∂y∂t
+
4U¨
a
(
∂2hty
∂z∂x
− ∂
2htx
∂z∂y
+
∂2hxz
∂y∂t
− ∂
2hyz
∂x∂t
)
+
4U˙
a
(
∂3hty
∂x∂z∂t
− ∂
3htx
∂y∂z∂t
− ∂
3hyz
∂x∂t2
+
∂3hxz
∂y∂t2
)
+
1
a2
(
∂2hxy
∂y∂x
− 1
2
∂2hxx
∂y2
− 1
2
∂2hyy
∂x2
)
+
4U˙
a3
(
∂3hyz
∂x3
− ∂
3hxz
∂y3
− ∂
3hxz
∂y∂x2
+
∂3hyz
∂x∂y2
− ∂
3hxy
∂z∂x2
+
∂3hxy
∂z∂y2
+
∂3(hxx − hyy)
∂x∂y∂z
)
, (75)
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Gtx =H
[
∂htt
∂x
+
1
a2
(
∂hxy
∂y
+
∂hxz
∂z
− ∂hzz
∂x
− ∂hyy
∂x
)
+
4U˙
a3
(
∂2hyz
∂y2
− ∂
2hyz
∂z2
+
∂2hxz
∂x∂y
− ∂
2hxy
∂x∂z
+
∂2hzz
∂y∂z
− ∂
2hyy
∂y∂z
)]
+
1
2a2
(
∂2htx
∂y2
+
∂2htx
∂z2
+
∂2(hyy + hzz)
∂x∂t
− ∂
2hxy
∂t∂y
− ∂
2hxz
∂t∂z
− ∂
2hty
∂x∂y
− ∂
2htz
∂x∂z
)
+
2U˙
a3
(
∂3htz
∂y3
− ∂
3hty
∂z3
− ∂
3hxz
∂t∂x∂y
+
∂3hxy
∂t∂x∂z
+
∂3(hyy − hzz)
∂t∂y∂z
−∂
3hyz
∂t∂y2
+
∂3hyz
∂t∂z2
+
∂3htz
∂y∂x2
− ∂
3hty
∂z∂x2
− ∂
3hty
∂z∂y2
+
∂3htz
∂y∂z2
)
, (76)
Gty =H
[
∂htt
∂y
+
1
a2
(
∂hxy
∂x
+
∂hyz
∂z
− ∂hzz
∂y
− ∂hxx
∂y
)
−4U˙
a3
(
∂2hxz
∂x2
− ∂
2hxz
∂z2
+
∂2hyz
∂x∂y
− ∂
2hxy
∂y∂z
+
∂2hzz
∂x∂z
− ∂
2hxx
∂x∂z
)]
+
1
2a2
(
∂2hty
∂x2
+
∂2hty
∂z2
+
∂2(hxx + hzz)
∂y∂t
− ∂
2hxy
∂t∂x
− ∂
2hyz
∂t∂z
− ∂
2htx
∂x∂y
− ∂
2htz
∂y∂z
)
− 2U˙
a3
(
∂3htz
∂x3
− ∂
3htx
∂z3
− ∂
3hyz
∂t∂x∂y
+
∂3hxy
∂t∂y∂z
+
∂3(hxx − hzz)
∂t∂x∂z
−∂
3hxz
∂t∂x2
+
∂3hxz
∂t∂z2
+
∂3htz
∂x∂y2
− ∂
3htx
∂z∂y2
− ∂
3htx
∂z∂x2
+
∂3htz
∂x∂z2
)
, (77)
Gtz =H
[
∂htt
∂z
+
1
a2
(
∂hzy
∂y
+
∂hxz
∂x
− ∂hxx
∂z
− ∂hyy
∂z
)
−4U˙
a3
(
∂2hyx
∂y2
− ∂
2hyx
∂x2
+
∂2hxz
∂z∂y
− ∂
2hzy
∂x∂z
+
∂2hxx
∂y∂x
− ∂
2hyy
∂y∂x
)]
+
1
2a2
(
∂2htz
∂y2
+
∂2htz
∂x2
+
∂2(hyy + hxx)
∂z∂t
− ∂
2hzy
∂t∂y
− ∂
2hxz
∂t∂x
− ∂
2hty
∂z∂y
− ∂
2htx
∂x∂z
)
− 2U˙
a3
(
∂3htx
∂y3
− ∂
3hty
∂x3
− ∂
3hxz
∂t∂z∂y
+
∂3hzy
∂t∂x∂z
+
∂3(hyy − hxx)
∂t∂y∂x
−∂
3hyx
∂t∂y2
+
∂3hyx
∂t∂x2
+
∂3htx
∂y∂z2
− ∂
3hty
∂x∂z2
− ∂
3hty
∂x∂y2
+
∂3htx
∂y∂x2
)
, (78)
Gxy =H˙
[
hxy +
4U˙
a
(
∂(hxx − hyy)
∂z
+
∂hyz
∂y
− ∂hxz
∂x
)]
+H2hxy
+H
[
1
2
(
∂htx
∂y
+
∂hty
∂x
+
∂hxy
∂t
)
+
4U¨
a
(
∂(hxx − hyy)
∂z
+
∂hyz
∂y
− ∂hxz
∂x
)
+
4U˙
a
(
∂2(hxx − hyy)
∂z∂t
+
∂2hyz
∂y∂t
− ∂
2hxz
∂x∂t
)]
+
1
2
(
∂2htx
∂y∂t
+
∂2hty
∂x∂t
− ∂
2htt
∂y∂x
− ∂
2hxy
∂t2
)
+
2U¨
a
(
∂2(hyy − hxx)
∂z∂t
− ∂
2htz
∂x2
+
∂2htz
∂y2
+
∂2htx
∂z∂x
− ∂
2hty
∂z∂y
+
∂2hxz
∂x∂t
− ∂
2hyz
∂y∂t
)
+
2U˙
a
(
∂3(hyy − hxx)
∂z∂t2
+
∂3htx
∂z∂x∂t
− ∂
3hty
∂z∂y∂t
− ∂
3htz
∂x2∂t
+
∂3htz
∂y2∂t
+
∂3hxz
∂x∂t2
− ∂
3hyz
∂y∂t2
)
+
1
2a2
(
∂2hxy
∂z2
+
∂2hzz
∂y∂x
− ∂
2hxz
∂z∂y
− ∂
2hyz
∂z∂x
)
+
2U˙
a3
(
∂3(hxx − hyy)
∂z3
+
∂3(hzz − hyy)
∂z∂x2
+
∂3(hxx − hzz)
∂z∂y2
+ 2
∂3hyz
∂y∂x2
− 2 ∂
3hxz
∂x∂y2
+ 2
∂3hyz
∂y∂z2
− 2 ∂
3hxz
∂x∂z2
)
, (79)
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Gxz =H˙
[
hxz − 4U˙
a
(
∂(hxx − hzz)
∂y
+
∂hyz
∂z
− ∂hxy
∂x
)]
+H2hxz
+H
[
1
2
(
∂htx
∂z
+
∂htz
∂x
+
∂hxz
∂t
)
− 4U¨
a
(
∂(hxx − hzz)
∂y
+
∂hyz
∂z
− ∂hxy
∂x
)
−4U˙
a
(
∂2(hxx − hzz)
∂y∂t
+
∂2hyz
∂z∂t
− ∂
2hxy
∂x∂t
)]
+
1
2
(
∂2htx
∂z∂t
+
∂2htz
∂x∂t
− ∂
2htt
∂z∂x
− ∂
2hxz
∂t2
)
− 2U¨
a
(
∂2(hzz − hxx)
∂y∂t
− ∂
2hty
∂x2
+
∂2hty
∂z2
+
∂2htx
∂y∂x
− ∂
2htz
∂z∂y
+
∂2hxy
∂x∂t
− ∂
2hyz
∂z∂t
)
− 2U˙
a
(
∂3(hzz − hxx)
∂y∂t2
+
∂3htx
∂y∂x∂t
− ∂
3htz
∂z∂y∂t
− ∂
3hty
∂x2∂t
+
∂3hty
∂z2∂t
+
∂3hxy
∂x∂t2
− ∂
3hyz
∂z∂t2
)
+
1
2a2
(
∂2hxz
∂y2
+
∂2hyy
∂z∂x
− ∂
2hxy
∂z∂y
− ∂
2hyz
∂y∂x
)
− 2U˙
a3
(
∂3(hxx − hzz)
∂y3
+
∂3(hyy − hzz)
∂y∂x2
+
∂3(hxx − hyy)
∂y∂z2
+ 2
∂3hyz
∂z∂x2
− 2 ∂
3hxy
∂x∂z2
+ 2
∂3hyz
∂z∂y2
− 2 ∂
3hxy
∂x∂y2
)
, (80)
Gyz =H˙
[
hyz +
4U˙
a
(
∂(hyy − hzz)
∂x
+
∂hxz
∂z
− ∂hxy
∂y
)]
+H2hyz
+H
[
1
2
(
∂hty
∂z
+
∂htz
∂y
+
∂hyz
∂t
)
+
4U¨
a
(
∂(hyy − hzz)
∂x
+
∂hxz
∂z
− ∂hxy
∂y
)
+
4U˙
a
(
∂2(hyy − hzz)
∂x∂t
+
∂2hxz
∂z∂t
− ∂
2hxy
∂y∂t
)]
+
1
2
(
∂2hty
∂z∂t
+
∂2htz
∂y∂t
− ∂
2htt
∂z∂y
− ∂
2hyz
∂t2
)
+
2U¨
a
(
∂2(hzz − hyy)
∂x∂t
− ∂
2htx
∂y2
+
∂2htx
∂z2
+
∂2hty
∂y∂x
− ∂
2htz
∂z∂x
+
∂2hxy
∂y∂t
− ∂
2hxz
∂z∂t
)
+
2U˙
a
(
∂3(hzz − hyy)
∂x∂t2
+
∂3hty
∂y∂x∂t
− ∂
3htz
∂z∂x∂t
− ∂
3htx
∂y2∂t
+
∂3htx
∂z2∂t
+
∂3hxy
∂y∂t2
− ∂
3hxz
∂z∂t2
)
+
1
2a2
(
∂2hyz
∂x2
+
∂2hxx
∂z∂y
− ∂
2hxy
∂z∂x
− ∂
2hxz
∂y∂x
)
+
2U˙
a3
(
∂3(hyy − hzz)
∂x3
+
∂3(hxx − hzz)
∂x∂y2
+
∂3(hyy − hxx)
∂x∂z2
+ 2
∂3hxz
∂z∂y2
− 2 ∂
3hxy
∂y∂z2
+ 2
∂3hxz
∂z∂x2
− 2 ∂
3hxy
∂y∂x2
)
. (81)
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